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DESSINS D’ENFANT

D = (X,T') — dessin d’enfant (bicolored map):
e X — compact connected oriented surface without boundary;
e I' — bicolored graph, I' C X;
e X \I' = disjoint union of discs.

(X, 8) — Belyi pair:
e X — complex algebraic curve over Q;
e 3 — rational function on X, § is ramified over 0, 1 and oo
only (Belyi function).

I'= /871[07 1]



GALOIS ACTION ON DESSINS

Gal(Q/Q) : Belyi pairs {(X, 8)}

Gal(Q/Q) : dessins d’enfant {(X,T)}

Invariants of this action:

passport

symmetries Aut(D)

invariance under color exchange, self-duality
edge rotation group ER(D)



EDGE ROTATION GROUP ER(D)

D= (X,T)
= (2,9,12,13,3)(4,6)(5, 18,17, 16,15)(8, 14)(10, 11),
b = (1,10,11,9)(3,13,12,8,14,7,6)(4,5,15, 16,17, 18),
c = (1,2,3,4,5,6,7,8,9,10).

ER(D) = (a,b) C S,, n — number of edges



WEIGHTED TREES: DEFINITION

Weighted tree is a map of genus 0 such that all its faces except
one has degree 1.

Degrees of faces of a weidghted tree are (1"(n — 7)1).



MOTIVATION: P3 — @Q?* (1965, B. J. BIRCH ET AL.)
What is the minimum degree of P3 — Q?%?

P3 2
LetR:P?’—QQandf:?:%—l—l.

The minimum degree of R is attained when f is a Belyi function
of a weighted tree.



MOTIVATION: DAVENPORT’S BOUND

P
a:(a17a27"'ap)a /8:(/61?527"'Bq)7 ZQZ:Zﬂ]:ﬂﬂ

i=1 j=1

P q
P(z) = H (x—a;)™, Qz) = H (z—b;)%, a; and b; are all distinct.

=1 =1

L4 ng(alv"‘vapvﬁla'uan) =1
e p+qg<n+1

Theorem (U. Zannier, 1995)

L deg(P-Q) > (n+1)—(p+aq).

2. This bound is always attained, whatever are o and S.



MOTIVATION: PLANE TREES OF DIAMETER 4

N. Adrianov, G. Shabat (1990): Trees of diameter 4

Anti-Wandermonde system

P
{Zaixfzo, k=1,...p—1
i=1

L. Schneps: splitting orbits IV[1,2,3,4,6] and IV[2,3,4,5, 6]

Yu. Kochetkov (conjecture): IV [a1, as, ag, aq, as] splits when

D = ajasazagas(ay + a2 + a3 + a4 + a3) is a full square

L. Zapponi: IV [ay, as, as, a4, as) always splits over Q(v/D)



MOTIVATION: PLANE TREES OF DIAMETER 4

Yu. Kochetkov (2013):
1. Trees of diameter 4 are dual to weighted trees

2. Anti-Wandermonde system

P q
Zaixf:ijyf, k=1,...p+q—2
i=1 j=1

3. The orbit splits over Q(y/ay ...ap - by ...bq)

4. Enumeration of weighted trees by passport:

(p+q-—2)! in many cases



WHICH GROUPS CAN APPEAR AS THE EDGE ROTATION
GROUPS OF WEIGHTED TREES?



THEOREM (W. FEIT, 1980)

Let G C S, be a primitive permutation group which contains
n-cycle. Then
(i) G=A, or Sy;
(ii) n =p — prime and C, C G C AGL;(p);
(iii) n =11 and G = PSL2(11) or My;
(iv) n =23 and G = Mayg3;
) n=(¢"—1)/(¢—1) and PSLy(q) € G C PT'Ly(q).

(v

(based on the classification of finite simple groups)



THEOREM (P. MULLER, 1995)

Primitive monodromy groups of polynomials are classified.

Most of these polynomials have 2 critical values (Shabat polynomials)
and can be drawn as plane trees.

3 exceptional cases with polynomials having 3 critical values:
e G = PSL3(2) with n = 7 and passport (1%22,1322,1322 71);
e G = PSL3(3) with n = 13 and passport (152%,152%,1524,131);
e G =PSL4(2) with n = 15 and passport (13261724 1724 151).



N. ADRIANOV, YU. KOCHETKOV, A. SUVOROV, 1997

A complete list of special plane trees is obtained.

(T is special if ER(T') is primitive and
ER(T) # C,, Dy, A,,, S,..)

Mathieu group Mj;:

Dessins are probably the easiest way to define Mathieu groups!



THEOREM (G. JONES, 2012)

Let G C S, be a primitive permutation group, G # A,,, S,,, and
G contains a permutation of type (1",n — r). Then
1. =0
(i) C,cGC
(ii) PGLa(q) €
(ili) G =PSLy
2. r=1

(i) AGL4(q) € G C ATLy(q) with n = ¢% and d > 1;
(ii) G = PSLy(p) or PGL2(p) with n = p+ 1 for prime p > 5;
(111) G= ].\/_[117 M12 or M24 with e = 12, 12 or 24.

3.r=2
PGL2(q) C G C PT'Ly(g) with n =g+ 1.

AGL(p) with n = p prime;
G C PT'Ly(q) withn = (¢ —1)/(¢—1), d > 2;
( ) M11 or M23 with e = 11, 11 or 23.



THEOREM (N. ADRIANOV, A.ZVONKIN, 2014)

A complete list of special weighted trees is obtained.

e 34 different edge rotation groups;
e 184 weighted trees (up to color exchange);
e subdivided into (at least) 85 Galois orbits.



GAP — GROUPS, ALGORITHMS, PROGRAMMING

A SYSTEM FOR COMPUTATIONAL DISCRETE ALGEBRA
http://www.gap-system.org/

e Primitive permutation groups (any degree < 2500)
e Character tables of finite groups

1. Find generators:
e Loop over all primitive groups G of given degree
e Loop over all triples of conjugacy classes (A, B,C) of G
which may give a weighted tree
e Fix an element in a largest class a € A, loop over all
elements in a smallest class b € B, to get (ab)~! € C

2. Draw weighted trees (generate METAPOST code)


http://www.gap-system.org/

AGL;(5) (1122 1741 174T) 2(1)
PSL(5) (1222,32,1151) 1
(12221151 1151) 1
PGL:(5) (12221241 61) 1
(23,1241, 1150 1
(23,1151, 1241) 1
(122261, 1241) 1
(32 1241 1241) 1
(1241, 1241 1151) 1
( 241 1 51 241) 1
AGL(7) (1123,11321%67T) 2(1)
PSL3(2) (1322113271 2(1)
(13221 19141 ,7h) 2(1)
ATL;(8) (2%,1232,1 71) 2(1)
ASL;3(2) (2%, 122141 , 1171 2(1)
(142242, 1171 2(1)
(1422, 2161 1171 2(1)
(14221 71 1171) 2(1)
(1232,122 141 1171 4(2)
(122141, 122141 , 1171 2(1)
PSL»(7) (27,1732, 1171 1
(1232, 1232 1171 1




PGLy(7)

1223 42 1261)
24, 1261 1261)
1223 1261 1171
1223 1171 1261)

1223 1232 81)

ATL(9)

1323 1142 1181)

AGL(3)

1323 11 2 161, 118%)

PSLy(3)

1124 33 1271)
1 24 1271 1271)

PTL;(8)

11271332 9T)
1332 1532 91)
1332, 112161 ,1271)
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25,1133 1281)
(25 1242 1281)
(1224,1281,1281)
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PTL(9)

(1%23,218T 128T)
(1%23,1242,101)

e Ll B M L E N N S R e e
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PSLy(11)

(132%,1233,111)

2(1)

11

My,

(132%, 1342 111

2(1)




12 My, (1%2%,2242 17117) 2(1)
(1424,1252 11111 2(1)
(1424 11213161 11111) 6(3)
12 M;i2 (124,37, 11117) 2(1)
(26,1333, 11111) 2(1)
(26,1442, 11111) 2(1)
(14241252 11111 2(1)
(1424, 11213161, 11111) 2(1)
(1333,1333,11111) 2(1)
(1424, 122181 11111) 4(2)
(1333,1442 11111 2(1)
(14421442 11111) 2(1)
12 PGL2(11) (1225,3%,12107) 2
(1225,1252 1210%) 2
13 PSL3(3) (1°2%,113%137) 4(2)
(1524,112242 131) 4(2)
(1524,12213161,131) 4(2)
14 PSL(13) (1225,123%,11131) 1
14 PGL(13) (27,123%,12121) 2
(1226,1243 12121 2
15 PSL4(2) (132%,132242 151) 2(1)
(1724,112143 151) 2(1)
(1724,11213261, 151) 2(1)




16 2T PSL4(2) [ (1%25,2%42 11157T) 2(1)
(1824,1153 11151) 2(1)
(1824,113162,11151) 2(1)
(142612213261 11151) 6(3)
16 ATL2(4) (1225,122143 '11157T) 2(1)
17 PSL,(16) (1728,1235 1215T) 1
17 PSLy(16):2 | (1°26,174% 12157T) 1
20 PGL2(19) (1229,1235,1218%) 3
21 PTL(3,4) (1727, 13214% 217) 2(1)
23 M3 (1728,132247% 23T) 4(2)
24 Moy (212,1535,1123T) 2(1)
(1828 38, 11231) 2(1)
(1828, 1454 11231) 2(1)
(1636,1636 11231) 2(1)
(182812223262, 11231) 10(5)
31 PSL;5(2) (17212 132847 311) 6(3)
32 ASL5(2) (1821212310 113171) 6(3)




5.1. AGL; (5 6.1 and 6.2. PSL2(5 7.2 and 7.3. PSL3(2

o ok e yd -

6.3 -6.9. PGL2(5

><O<8—ﬂ>@}@>o<>eﬂ

7.1. AGLy (7 8.1. ATL;(8 8.2 - 8.7. ASL3( )

R
e TR




“FUNNY FAMILY”

T

baby: PSLs (5

child: PSL;(7)

/i adult: Moy

teen: M12



“T'WINS”

PGL4(19)



MORE THAN 3 CRITICAL VALUES?

D is a weighted tree <= (p has only one multiple pole.

G.Jones’ theorem lets us classify primitive monodromy groups
of rational functions with only one multiple pole



4/6.1 | PSLa(5) | (1%222,1222,122Z 1151) 1x 10
4/6.2 | PGLy(5) | (1%227,1222,23,124T) 1x38
4/6.3 (1222,1222 1241 1241) 1x16
4/7.1 | PSL3(2) | (1%22%,1322,1322,7T) 2x7
5/8.1 | ASL3(2) | (1%22,1%2% 1%22 1922 1171) [ 2 x 147
4/8.1 (1422,1422 24 1171 2x7
4/8.2 (1422,1422 122141 1171) 2 x 14
4/8.3 (1%22,1422,1232,1171) 2 x 21
4/8.4 | PGLo(7) | (1%2%,1223,1223 12%61) 1x18
4/9.1 | AGL2(3) | (1323,1323,1323 1187) 2 x 16
4/10.1 | PTL2(9) | (1%23,1%23,25,128T) 1x8
4/12.1 | My, (1%2%,1%2% 1%2% 11111) 2 x 33
4/12.2 | Mo (1%2%,172% 1927 11111) 2 x 22
4/13.1 | PSL3(3) | (1°2%,1°2%,152% 13T) 4x13
4/15.1 | PSL4(2) | (172%,172%,1326 157T) 2x5
4/16.1 | AGL4(2) | (1%2%1%25,1%25 1115T) 2 x 15
4/24.1 | Moy (1828,1828 1828 1123T) 2 x 46




4/6.1: PSLy(5

10=1+3+3-2



BRAID GROUP ACTION
Braid group
By = (01,02,...0k-1 | o005 =0j0; for |i—j|>2
0i0i410; = 0i+10i0i11)
Hurwitz (spherical) braid group

Hy = (o1,09,...0p-1 | o005 =0j0; for |i —j|>2
0i0i4+103 = 0j4+10;0i+1
2
0102 ...0k_20)_10k—2...0201 = 1)

it (91,92, Gk) — (91,92, - - Gi+1, 971 19iGi+1: - - - Gr)
0i(9i) = git1

oi(gi+1) = gi_+119igi+1
oi(g;) = gj, for j#ii+1.



MEGAMAPS (A.ZVONKIN)
(C1, Cy, Cs3, Cy) — quadruple of conjugacy classes of G

G = {(g91, 92, 93, 94) | 9i € Ci, 91929394 = 1}/ ~

_ 2
Y =o0]
_ 2
A =05

® =0, 'oloy

YAD = 0'% . O’% . 02_10'§0'2 = 01(0102030201)01_1 =1 in Hy

Megamap is a dessin defined by action of (X,A) on G.



4/6.1: PSLy(5)

g=0
(123151123151 123151)
ER = Ay

(1222,1222, 1222 115!)

1 x 10

060

4/6.2: PGLy(5)

g=0
(112231’ 31517 112231)
ER — Ag

(1222,1222 23 1241)

)

1x8



4/6.3: PGLy(5) (122212221241 1241) 1 x 16

g=1
(153251, 214261 214%6!)
ER = imprimitive group of order 812851 200




4/7.1: PSLs(2) (132213221322 71) 2% 7

4/8.1: ASL3(2) (1422, 1422 24 1171) 2x7
(2231, 2231 2231

ER = A;

4/8.2: ASL3(2) (11221422 122141 1171 2 x 14
g=20

(142232 113271 113271
ER=Ay



4/8.3: ASL;(2) (14221422 1232 117") 2 x 21

g=1
(324271’ 1424337 324271)
ER = Ay

4/8.4: PGLy(7)

g=1
(11223271 11223271 11223271)
ER = A




4/9.1: AGLy(3) (132813231323 1181) 2 x 16

g=0
(22342234 223%)
ER = imprimitive group of order 3072

4/10.1: PT'Ly(9) (1123,1123 25 1281) 1x8

(1122312241 2241)

FER = imprimitive group of order 576



4/12]. M11

g=1
(213851 213851 213851)
ER = Az

4/122 M12

9=0
(243351’ 2433517 243351)
ER = Ay



4/13.1: PSLs(3) (12415241524 131) 4x13

g=0
(2233,2233,2233)
ER=Aj;3

4/15.1: PSLy(2) (1724,1724, 1326 151) 2% 5

g=0
(21312131 1122)

ER=Ss5



4/16.1: AGL,(2) (18241426 1426 11151) 2 x 15

g=0
(23332333, 223251)
ER =S5

4/24.1: My, (18281828 1828 11231) 2 x 46

9=0
(24311517 2431151’ 2431151)
ER = Ay



